Henri Poincaré formulated the mathematics of the Lorentz transformations, known as the Poincaré group. He also formulated the Poincaré sphere for polarization optics. It is shown that these two mathematical instruments can be combined into one mathematical device which can address the internal space-time symmetries of elementary particles, decoherence problems in polarization optics, entropy problems, and Feynman's rest of the universe.
Introduction
It was Henri Poincarś who worked out the mathematics of Lorentz transformations before Einstein and Minkowski. Poincaré's interest in mathematics covers many other areas of physics.
Among them, his Poincaré sphere serves as geometrical representation of the Stokes parameters. While there are four Stokes parameters, the traditional Poincaré sphere is based on only three of those parameters [1, 2, 3] .
In this report, we show that the concept of the Poincaré sphere can be extended to accommodate all four Stokes parameters, and show that this extended Poincaré sphere can be used as a representation of the Lorentz group applicable to the four-component Minkowski space. In this way, it is possible to use the Poincarś sphere as a picture of the internal space-time symmetries as defined by Wigner in 1939 [4] .
Throughout the paper, we shall use the two-by-two matrix formulation of the Lorentz group [5, 6] . The basic advantage is that this representation is the natural language for the two-by-two representation of the four Stokes parameters. Indeed, this two-by-two representation speaks one language applicable to two different branches of physics, as is illustrated in Fig. 1 . Let us consider a particle moving along a given direction. We can rotate the system around this direction, and boost along this direction. We can also rotate around and boost along two orthogonal directions perpendicular to the direction of the momentum. These operations can be written in the form of two-by-two matrices. In this way, we can construct a two-by-two representation of the Lorentz group.
In this report, we use the same set of two-by-two matrices to perform transformations on the Stokes parameters and the Poincaré sphere. While the original three-dimensional Poincaré sphere is based only on three of the four Stokes parameters, it is possible to extend its geometry to accommodate all four parameters. With these parameters, we can address the degree of polarization between the two orthogonal components of electric field perpendicular to the momentum. In order to deal with this problem, we introduce the decoherence parameter derivable from the traditional degree of polarization. Since this parameter is greater than zero and smaller than one, we can write it as sin χ, and define χ as the decoherence angle.
One remarkable aspect of this decoherence parameter is that it is invariant under Lorentz transformations. If the symmetry of the Poincaré sphere is translated into the space-time symmetry, the decoherence parameter remains Lorentz-invariant like the particle mass in the space-time symmetry.
Furthermore, to every sin χ, there is cos χ, and their symmetry is well known. Thus we can consider another Poincaré sphere with the same decoherence angle. The second Poincaré sphere could serve as another illustrative example of Feynman's rest of the universe [7, 8] .
Figure 1: One mathematical instrument for two different branches of physics. As one second-order differential equation takes care of the resonances in the oscillator system and also in the LCR circuit, the Lorentz group can serve as the basic mathematical language for special relativity and modern optics.
In Sec. 2, it was noted that Poincaré was the first one to formulate group of Lorentz transformations for the space-time variables. This transformation law can be translated into the language of Naimark's two-by-two Naimark representation. Einstein later derived his E = mc 2 by advancing the concept of the energy-momentum four-vector obeying the same transformation law as that of the space-time coordinates. Thus, the two-by-two representation is possible also for the momentum-energy four-vector.
When Einstein was formulating his special relativity, he did not consider internal space-time structures or symmetries of the particles. Also in Sec. 2, it is shown possible to study Wigner's little groups using the two-by-two representation. Wigner's little groups dictate the internal space-time symmetries of elementary particles. They are the subgroups of the Lorentz group whose transformations leave the four-momentum of the given particle invariant [4, 9] .
In Sec. 3, we first note that the same two-by-two matrices are applicable to two-component Jones vectors. However, the Jones vector cannot address the problem of coherence between two transverse components of the optical beam. This is why the four-component Stokes parameters are needed. The same Lorentz group can be used for the four-component Stokes parameters, and Stokes parameters are like four-vectors, as in the case of energymomentum four vectors. It is noted however, the degree of coherence remains invariant under Lorentz transformations.
In Sec. 4, we use the geometry of the Poincaré sphere to describe the Stokes parameters and their transformation properties. It is shown that three different radii are needed to describe them fully. The traditional radius lies between the maximum and minimum radii. It is shown that (S 2 0 − R 2 ) remains lorentz-invariant, where S 0 and R are the maximum radius and the traditional radius respectively. This Lorentz-invariant quantity is dictated by the decoherence parameter. The entropy question is also discussed, and this entropy is shown to be Lorentz-invariant.
In Sec. 5, it is shown possible to define another Poincaré sphere in order to deal with variations of the decoherence parameter and the entropy. It is shown that this second Poincaré sphere can serve as another example of Feynman's rest of the universe [7] .
In the the Appendix, we shoe how the two-by-two transformation matrix can be translated into the four-by-four matrix applicable to the Missourian four-vector.
Poincaré Group, Einstein, and Wigner
The Lorentz group starts with a group of four-by-four matrices performing Lorentz transformations on the Minkowskian vector space of (t, z, x, y), leaving the quantity
invariant. It is possible to perform this transformation using two-by-two representations [5] . This mathematical aspect is known as the SL(2, c) as the universal covering group for the Lorentz group.
In this two-by-two representation, we write the four-vector as a matrix
Then its determinant is precisely the quantity given in Eq. (1) . Thus the Lorentz transformation on this matrix is a determinant-preserving transformation. Let us consider the transformation matrix as
with det (G) = 1.
This matrix has six independent parameters. The group of these G matrices is known to be locally isomorphic to the group of four-by-four matrices performing Lorentz transformations on the four-vector (t, z, x, y). In other word, for each G matrix there is a corresponding four-by-four Lorentz-transform matrix, as is illustrated in the Appendix. The matrix G is not a unitary matrix, because its Hermitian conjugate is not always its inverse. The group can have a unitary subgroup called SU(2) performing rotations on electron spins. As far as we can see, this G-matrix formalism was first presented by Naimark in 1954 [5] . Thus, we call this formalism the Naimark representation of the Lorentz group. We shall see first that this representation is convenient for studying space-time symmetries of particles. We shall then note that this Naimark representation is the natural language for the Stokes parameters in polarization optics.
With this point in mind, we can now consider the transformation
Since G is not a unitary matrix, it is not a unitary transformation. In order to tell this difference, we call this "Naimark transformation." This expression can be written explicitly as
For this transformation, we have to deal with four complex numbers. However, for all practical purposes, we may work with two Hermitian matrices
and two symmetric matrices
The two Hermitian matrices in Eq. (7) lead to rotations around the z and y axes respectively. The symmetric matrices in Eq. (8) perform Lorentz boosts along the z and x directions. Repeated applications of these four matrices will lead to the most general form the of the most general form of the G matrix of Eq. (3) with six independent parameters. For each two-by-two Naimark transformation, there is a four-by-four matrix performing the corresponding Lorentz transformation on the four-component four vector. In the appendix, the four-by-four equivalents are given for the matrices of Eq. (7) and Eq. (8) .
It was Einstein who defined the energy-momentum four vector, and showed that it also has the same Lorentz-transformation law as the space-time fourvector. We write the energy-momentum four vector as
where m is the particle mass. Now Einstein's transformation law can be written as
or explicitly
Later in 1939 [4] , Wigner was interested in constructing subgroups of the Lorentz group whose transformations leave a given four-momentum invariant, and called these subsets "little groups." Thus, Wigner's little group consists of two-by-two matrices satisfying
This two-by-two W matrix is not an identity matrix, but tells about internal space-time symmetry of the particle with a given energy-momentum fourvector. This aspect was not known when Einstein formulated his special relativity in 1905.
If its determinant is a positive number, the P matrix can be brought to the form
corresponding to a massive particle at rest If the determinant is negative, it can be brought to the form
corresponding to an imaginary-mass particle moving faster than light along the z direction, with its vanishing energy component. If the determinant if zero, we may write P as
corresponding to a massless particle moving along the z direction. For all three of the above cases, the matrix of the form
will satisfy the Wigner condition of Eq. (14) . This matrix corresponds to rotations around the z axis, as is shown in the Appendix. For the massive particle with the four-momentum of Eq. (15), the Naimark transformations with the rotation matrix of the form
also leaves the P matrix of Eq. (15) invariant. Together with the Z(δ) matrix, this rotation matrix lead to the subgroup consisting of unitary subset of the G matrices. The unitary subset of G is SU(2) corresponding to the threedimensional rotation group dictating the spin of the particle [9] . For the massless case, the transformations with the triangular matrix of the form 1 γ 0 1 (20) leaves the momentum matrix of Eq. (17) invariant. The physics of this matrix has a stormy history, and the variable γ leads to gauge transformation applicable to massless particles [10, 11] . For a superluminal particle with it imaginary mass, the W matrix of the form
will leave the four-momentum of Eq. (16) invariant. This unobservable particle does not appear to have observable internal space-time degrees of freedom. Table 1 summarizes the transformation matrices for Wigner's subgroups for massive, massless, and superluminal transformations. Of course, it is a challenging problem to have one expression for all those three cases, and this problem has been addressed in the literature [12] . 
Jones Vectors and Stokes Parameters
In studying the polarized light propagating along the z direction, the traditional approach is to consider the x and y components of the electric fields. Their amplitude ratio and the phase difference determine the state of polarization. Thus, we can change the polarization either by adjusting the amplitudes, by changing the relative phase, or both. For convenience, we call the optical device which changes amplitudes an "attenuator" and the device which changes the relative phase a "phase shifter." The traditional language for this two-component light is the Jones-matrix formalism which is discussed in standard optics textbooks [13] . In this formalism, the above two components are combined into one column matrix with the exponential form for the sinusoidal function
This column matrix is called the Jones vector. When the beam goes through a medium with different values of indexes of refraction for the x and y directions, we have to apply the matrix 
with δ = δ 1 −δ 2 . In measurement processes, the overall phase factor e i(δ 1 +δ 2 )/2 cannot be detected, and can therefore be deleted. The polarization effect of the filter is solely determined by the matrix
which leads to a phase difference of δ between the x and y components. The form of this matrix is given in Eq. (7), which serves as the rotation around the z axis in the Minkowski space and time. Also along the x and y directions, the attenuation coefficients could be different. This will lead to the matrix [14] 
which eliminates the y component. This matrix is known as a polarizer in the textbooks [13] , and is a special case of the attenuation matrix of Eq.(25). This attenuation matrix tells us that the electric fields are attenuated at two different rates. The exponential factor e −(µ 1 +µ 2 )/2 reduces both components at the same rate and does not affect the state of polarization. The effect of polarization is solely determined by the squeeze matrix [14] B(µ) = e µ/2
This diagonal matrix is given in Eq. (8) . In the language of space-time symmetries, this matrix performs a Lorentz boost along the z direction. The polarization axes are not always the x and y axes. For this reason, we need the rotation matrix
which, according to Eq. (7), corresponds to the rotation around the y axis in the space-time symmetry. Among the rotation angles, the angle of 45 o plays an important role in polarization optics. Indeed, if we rotate the squeeze matrix of Eq.(27) by 45 o , we end up with the squeeze matrix
which is also given in Eq. (8) . In the language of space-time physics, this matrix lead to a Lorentz boost along the x axis. Indeed, the G matrix of Eq. (3) is the most general form of the transformation matrix applicable to the Jones matrix. Each of the above four matrices plays its important role in special relativity, as we discussed in Sec. 2. Their respective roles in optics and particle physics are given in Table 2 .
However, the Jones matrix alone cannot tell whether the two components are coherent with each other. In order to address this important degree of freedom, we use the coherency matrix [1, 2]
where T is for a sufficiently long time interval, is much larger than τ . Then, those four elements become [15]
The diagonal elements are the absolute values of ψ 1 and ψ 2 respectively. The off-diagonal elements could be smaller than the product of ψ 1 and ψ 2 , if the two beams are not completely coherent. The σ parameter specifies the degree of coherency. This coherency matrix is not always real but it is Hermitian. Thus it can be diagonalized by a unitary transformation. If this matrix is normalized so that its trace is one, it becomes a density matrix [7] .
If we start with the Jones vector of the form of Eq. (22), the coherency matrix becomes C = a 
We are interested in the symmetry properties of this matrix. Since the transformation matrix applicable to the Jones vector is the two-by-two representation of the Lorentz group, we are particularly interested in the transformation matrices applicable to this coherency matrix. The trace and the determinant of the above coherency matrix are
Since e −σ is always smaller than one, we can introduce an angle χ defined as
and call it the "decoherence angle." If χ = 0, the decoherence is minimum, and it is maximum when χ = 90 o . We can then write the coherency matrix of Eq. 
The degree of polarization is defined as [13] Rotation around z.
Rotation around z cos(θ/2) − sin(θ/2) sin(θ/2) cos(θ/2) Rotation around y.
Squeeze along x and y e η/2
Boost along z.
Squeeze along 45
This degree is one if χ = 0. When χ = 90 o , it becomes
Without loss of generality, we can assume that a is greater than b. If they are equal, this minimum degree of polarization is zero. Under the influence of the Naimark transformation given in Eq. (5), this coherency matrix is transformed as
It is more convenient to make the following linear combinations.
These four parameters are called Stokes parameters, and four-by-four transformations applicable to these parameters are widely known as Mueller matrices [1, 3] . However, if the Naimark transformation given in Eq.(39) is translated into the four-by-four Lorentz transformations according to the correspondence given in the Appendix, the Mueller matrices constitute a representation of the Lorentz group. Another interesting aspect of the two-by-two matrix formalism is that the coherency matrix can be formulated in terms of the quarternions [16, 17] . The quarternion representation can be translated into rotations in the fourdimensional space. There is a long history between the Lorentz group and the four-dimensional rotation group. It would be interesting to see what the quarternion representation of polarization optics will add to this history between those two similar but different groups.
As for earlier applications of the two-by-two representation of the Lorentz group, we note the vector representation by Fedorov [18, 19] . Fedorov showed that it is easier to carry our kinematical calculations using his two-by-two representation. For instance, the computation of the Wigner rotation angle is possible in the two-by-two representation [20] . o . The degree of polarization is maximum when R = S 0 , and is minimum when R = S z .
Geometry of the Poincaré Sphere
We now have the four-vector (S 0 , S 3 , S 1 , S 2 ), which is Lorentz-transformed like the space-time four-vector (t, z, x, y) or the energy-momentum four vector of Eq.(9). This Stokes four-vector has a three-component subspace (S 3 , S 1 , S 2 ), which is like the three-dimensional Euclidean subspace in the four-dimensional Minkowski space. In this three-dimensional subspace, we can introduce the spherical coordinate system with
The radius R is the radius of the traditional Poincaré sphere, and is
with
This spherical picture of is traditionally known as the Poincaré sphere [1, 2, 3] The radius R takes its maximum value S 0 when χ = 0 o . It decreases and reaches its minimum value, S 3 , when χ = 90
o . In terms of R, the degree of polarization given in Eq.(37) is
This aspect of the radius R is illustrated in Fig. 2 . Under the Lorentz transformation, all four Stokes parameters are subject to change. The maximum radius S 0 and the minimum radius S 3 do not remain invariant. The radius R is also subject to change. These three radii are illustrated in Fig. 2 . While Lorentz transformations shake up these parameters, is there any quantity remaining invariant?
Let us go back to the four-momentum matrix of Eq.(9). Its determinant is m 2 and remains invariant. Likewise, the determinant of the coherency matrix of Eq.36 should also remain invariant. The determinant in this case is
This quantity remains invariant. This aspect is shown on the last row of Table 2 . While the decoherence parameter is not fundamental is influenced by environment, it plays the same mathematical role as in the particle mass which remains as the most fundamental quantity since Isaac Newton, and even after Einstein. the form
whose trace is one. This matrix can be diagonalized to
where f is the degree of polarization given in Eq.(37), which can also be written as
As we noted before, this quantity is one when χ = 0 and takes its minimum value when χ = 90 o . Then, the entropy becomes
The entropy S becomes zero when χ = 0. When χ = 90 o , the entropy takes its maximum value
In the special case of a = b,
This entropy is a monotonically increasing function. It is zero when χ = 0. Its maximum value is 2 ln(2) when χ = 90 o . The symmetry between cos χ and sin χ is well known. Let us now consider another Poincaré sphere where cos χ is replaced by sin χ. Then the density matrix and entropy become
respectively, with
which takes its minimum and maximum values when χ = 0 and χ = 90 o respectively. Indeed, S and S ′ move in opposite directions as χ changes. Thus we are led to consider their addition (S + S ′ ). The question is whether it remains constant. The answer is No. On the other hand, the determinant of the first coherency matrix is (ab) 2 sin 2 χ, and it is (ab) 2 cos χ for the second determinant. Thus the addition of these two determinants
is independent of the decoherence angle χ.
While the determinant of is a Lorentz-invariant quantity, there could be a larger group which will change the value of the determinant, thus the decoherence angle. This question has been addressed in the literature [21] .
Then there comes the issue of Feynman's rest of the universe. In his book on statistical mechanics [7] , Feynman divides the quantum universe into two systems, namely the world in which we do physics, and the rest of the universe beyond our scope.
However, we could gain a better understanding of physics if we can construct a model of the rest of the universe which can be explained in terms of the physical laws applicable to the world which we observe. With this point in mind, Han et al. considered a system of two coupled world [8] . One of those oscillators belong to the world in which we do physics, while the other is in the rest of the universe. This constitute of an illustrative example of Feynman's rest of the universe.
In this section, we discussed two Poincaré spheres which are coupled by the addition formula of Eq.(54). One of the spheres talks about the physical world, and the other takes care of the entropy variation of this world through the conservation of Eq.(54). Indeed, these two coupled Poincaré spheres constitute another illustrative example of Feynman's rest of the universe.
Concluding Remarks
In this report, we noted first that the group of Lorentz transformations can be formulated in terms of two-by-two matrices. This two-by-two formalism can also be used for transformations of the coherency matrix in polarization optics.
Thus, this set of four Stokes parameters is like a Minkowskian four-vector under four-by-four Lorentz transformations. The geometry of the Poincaré sphere can be extended to accommodate this four-dimensional transformations.
It is shown that the decoherence parameter in the Stokes formalism is invariant under Lorentz transformations, like the particle mass in Einstein's four-vector formalism of the energy and momentum.
These matrices appear to be complicated, but it is enough to study the our matrices of Eq. (7) and Eq. (8) enough to cover all the matrices in this group. Thus, we give their four-by-four equivalents in this appendix. 
